Problem Set 9 — Relativity (GOI36A)

1 Einstein-Maxwell Theory

1)

The Maxwell Lagrangian can be written as

1 1
Lor = = Fu " = = "g" FuFpo (1.1)

where F,, = V,A, —V, A, is the field strength. F},, has no explicit dependence on the
metric, and so under a small variation dg,,, of the metric, the quantity \/—g £ transforms
as

S(vV—g L) = —ié (V=99""9"") FuFpo . (1.2)

We showed last week that §,/—¢g = —%\/—g 9w 0g"”, and so (using the product rule) we
can write the variation above as

1
5 (V=99""9"") =v—g (—2gmg“”g”"5g” + g"7 69" + g 59””) : (1.3)

Plugging this back into (1.2) and contracting indices appropriately, we find that

1 1

5(\/ —g »CM) = _Z V=g (_QQATF/WF'MV(SQ/\T + FuquV(sg'up + F/LVFuo 5gya>
(1.4)

1 1

T <_29Mvaona + QFWFVP> o

where in the last line we relabeled dummy indices so that all variations appear as §g"”

and used the antisymmetry of the field strength to write F*, = —F,*. The stress-energy

tensor is then given by the functional derivative of /—g Las with respect to dgH:

2 0(v—=9Lwm)

e =5 g
2 1 1
= v T <‘29wFpaF T 2FupFup) (15)

1
= FupF," — Zg#VFponU :

This is the final result for the stress-energy tensor of Einstein-Maxwell theory.

The Euler-Lagrange equation for the field A, can in full generality be written as

AL acy \
i (o) =0 o)

The first term in the Euler-Lagrange equation is zero, since only derivatives of A, appear
in the Lagrangian. Then, to compute the second term, we first note that
OF s 0(V,As —V,A))

— — SV — §VGH
AV A, VoA, 0,05 — 00l . (1.7)
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Then, the product rule tells us that

O(Fpo F*7) OF e
Topol ) gppe 07 9FPT (§U5H — GUSK) = 2FVH — 2FM — —AFM | (1.8
a(V,A,) a(V,A,) (%07 = 39%) - (18)

where the last equality comes from the antisymmetry of the field strength. Therefore the
Euler-Lagrange equation becomes

- _ 0L\ _ 1 O(Fpo £77) - _ [ viL
0= v”(a(V,,Au)>_4v”(8(V,,Au) = VPR =V, FY . (L9)

It doesn’t matter how we label the dummy and free indices in this expression, and so our
final result for the equation of motion for the vector field A, in Einstein-Maxwell theory
is

VF'" =0 . (1.10)
First, we will explicitly write out the fully antisymmetrized quantity as
1
VipFup = 31 (VuFup + VoFpu+VpFu = VuFp = VeFy = VyFy,) . (1.11)
The factor of 3! comes from the definition of the antisymmetrization. Now, since F},, is

antisymmetric, we can actually see that many of these terms are equal, and this becomes

1 1
V[MFl,p] = 3 (Vqup + Vo F,, + VPF/W) = gGW,p , (1.12)

where to avoid having to keep track of the factor of three we defined G, = V,F,, +
VFEy, +V,F,. If we explicitly write out the covariant derivatives in terms of Christoffel
symbols, this becomes
Guvp = Oulyp — T Fop — T, Fuo
+ O Fpy — U Fopy — T, Fpo (1.13)
+ OpFyw — U0, Fop — 10, Flo
By using the fact that the Christoffel symbols are symmetric in their lower indices and the

field strengths are antisymmetric, you should be able to see that all terms with Christoffel
symbols cancel, leaving us with

Guvp = Oulyp + 0L Fpy + 0pF ) . (1.14)

Now, let’s write out the field strengths in terms of Christoffel symbols and partial deriva-
tives explicitly:

Fly = VA, — VA, = (0,4, —T0,A,) — (8,4, —T0,A,) = 0,A, — 8,4, ,  (1.15)

where again symmetry of the Christoffel symbols makes all explicit Christoffel terms can-
cel. Plugging this into (1.14), we find that

Gvp = 0 (0, A, — 9,A,) + 0 (9,4, — 0, A,) + 0, (9, Ay — Dy A,)
= (0,0, — 0,0,) Ay + (840, — 0,00) Ay + (0,0, — 0,0,) Ay (1.16)
p— O 3

where we regrouped terms in the second line and then in the third line we used the fact
that ordinary partial derivatives commute. Thus we find that

0= Gup =VuFp+ViFy +V,F,, (1.17)



which in turn by (1.12) means that we have proven the Bianchi identity:
Vi) =0. (1.18)

A corollary to this is that we can always cyclically permute indices when derivatives act
on the field strength:
VuFy, ==V, F, —V,F,, . (1.19)

4.) Note: we will make use of the Bianchi identity below in this problem. In particular, as
we will show in the next problem, the Bianchi identity tells us that

VuFy, =V, Fy —V,EF,, . (1.20)
With this in mind, the thing we want to compute is
v, ™" =V, | F" F"P L M E P
ju = Vu o 49 S
1
= (V,F1)F" + FIL N, F¥P — ZVV(FPUFW) (1.21)
1 g
= (V) FP + FE N F7P — §FPUV”F’) ,
where in the last line we used the product rule on the last term. Now, we note that the
first term vanishes via the Maxwell equation of motion from problem 2, and so we are left
with

1 1

where the last equality is simply a relabelling of dummy indices, as well as using the fact
that we can raise/lower pairs of contracted indices. We will now use the Bianchi identity
on the second term to rewrite this as

1 1
VLT = Fy <V“F”p + G VIE 2V”FV“>

1 1
=F,, <VNFVP — EV“F”’J + 2vppvu) (1.23)
1
= §FM) (VEFYP - VPFYE)

with the second equality coming from antisymmetry of the field strength. At this point,
all we have to do is notice that F},, is antisymmetric under p <+ p, while VAF"? 4 VP FVH
is symmetric under p <> p. Any antisymmetric tensor contracted with a symmetric tensor
must vanish, and so we are simply left with

vV, TH =0 . (1.24)

2 de Sitter from Minkowski

5.) Proving that these coordinates satisfy the hyperboloid condition is relatively easy; you

just need to square the appropriate terms, and then use the identities cos® z + sin?x =

cosh? z — sinh? x = 1. To compute the induced metric, we use the chain rule to express



dt, dz, dy, and dz in terms of dp, du, and di:

ot ot Vaz — p?
dt = —du+ —dp = Ve — e cosh (g) du — A sinh (E
e

)dp,

ou op Q@ 22 o
2 _
dr = P+ %%y = 7\Mblnh< )du—Lcosh@)dp,
du dp o VaZ—p? a (2.1)
)
dy = yd n wdw—smwdp+pcoswdw,
82
dz = fdp + dw = cos Ydp — psinydy .

o

Now, we need to plug these into the metric ds?> = —dt? + dz? + dy? + dz%. To do so,
we first note that even though dt? and dz? will both have cross-terms of the form dudp,
the cross-terms are the same for both, and thus they cancel when we take the difference.

Therefore,
2

—dt* + dz? = 04206—2,0 [ cosh? (a) + sinh? (a)} du?

2

e () e (B e

2 _ 2 2
- -2 2/) du® + 2p 2
« a?—p

dp? .

Similarly, both dy? and dz? have cross-terms of the form dpdi), but they cancel when we
add the two quantities, leaving us with

dy* 4 dz* = (sin? ¢ 4 cos? ) dp? + p?(cos? o + sin? ) dip? = dp? + p*dyp* . (2.3)
Adding everything up, the induced metric is

a? — p? p?
ds® = ———"—du’ + —"——dp® + dp” + p*dy)®
« ac —p

2 2
I N A )
i— du +a2

o 2 27,2
— 2 dp® + p“dip (2.4)

2 ,02 -1
(1 - ) du® + (1 — 2) dp* + p*dy?* .
a (6%

This is the metric on the static patch of dSs.

6.) First, recall that the Minkowski metric in spherical coordinates is
ds® = —dt* + dr? + r?(d6? + sin® 6 d¢?) . (2.5)

The coordinate r is related to z,y,z by r? = 22 4+ y? + 22, and so we note that the
hyperboloid condition is simply

—t24rt=a?. (2.6)
Then, it becomes very obvious that the closed slicing coordinates automatically satisfy
this. It is also very straightforward to express dt and dr in terms of dr:

dt = gidf — cosh (2) dr, dr= gTdT = sinh (a) dr . (2.7)

The induced metric is thus
ds? = —dt* + dr* + r*(d6* + sin® 6 dp*)

= — cosh? ( ) dr? + sinh? ( ) dr? + o cosh? ( ) (d6* + sin® 0 d¢?) (2.8)

[0 (@ (@

= —dr? + o® cosh® (3) (d6? + sin? 0 dg?) .
(6%
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This is the metric for the closed slicing of dSs.

Consider the metric on the static patch

-1
ast = — (1= 2 a2+ (1= L) dp + pap? 2
sT=—1- 3 u” + -2 p° + pdip” . (2.9)

Consider a time-like slice at some fixed value of u of this metric. On this time-like slice,
when p = «, g,, blows up, and so we appear to have a singularity. We need to deter-
mine whether this is a true singularity, i.e. a singularity intrinsic to the full dSs manifold
itself, or just some coordinate singularity that appears when we use the static patch metric.

To see that this is just a coordinate singularity, let’s first revisit how the static patch
coordinates are related to the original Minkowski coordinates:

t =+ a? — p?sinh <E> )
a
u
x = \/a? — p? cosh <a) , (2.10)
y =psiny ,
z=pcosy .

When we fix u to a constant and set p = «, this corresponds to t = x = 0, while y and
z are free to vary, subject to the condition that 32 + 22 = 2. This is the equation of a
circle, and so the singular-looking p = a surface simply just corresponds to a circle in the
full Minkowski spacetime, which we know should be a smooth and non-singular manifold.

Another way to see that there is no singularity is to consider the relationship between the
coordinates (¢, x,y, z) and the spherical coordinates (¢, 7,6, ¢):

xr=rsinfcos¢, y=rsinfsing, z=rcosh . (2.11)

The only way to set x = 0 without forcing y and z to be zero is to set ¢ = 5 while fixing
r = p. Then, if we remember that the closed slicing coordinates are defined by

t = asinh (Z> ,
e

r = a cosh (Z) ,
o

(2.12)

then we can see that setting ¢ = 0 and r = p is accomplished by setting 7 = 0. Therefore,
the surface on the static patch defined by

u=const., p=a, ¢e|0,2m), (2.13)
is equivalent to the surface on the closed slicing defined by
r=0, 0€elo,7), ¢=g. (2.14)

Importantly, the closed slicing metric is smooth and well-behaved on this surface! In fact,
the metric on this surface simply becomes ds> = a?d#?, which is again the metric on a
circle.

Therefore, because we have a set of coordinates on dSs; where this surface is actually
well-behaved and smooth, there cannot be a true singularity at p = «. This is exactly



analagous to how there is a coordinate singularity at r = 2GM in the Schwarzschild
metric, but by going into Kruskal coordinates we can see that this location is actually a
smooth and non-singular region that we refer to as the black hole horizon. In fact, the
surface defined by p = « is referred to as the cosmological horizon of dSs.

The (d + 1)-dimensional Minkowski metric in spherical coordinates is simply
ds® = —dt* + dr* + r*dQ3_, | (2.15)

where ng_l is the metric on S¢~'. The d-dimensional hyperboloid that defines dSy is
specified in spherical coordinates by

—dt?’ + dr? = o? (2.16)

for some positive constant «, just like we found earlier in the d = 3 case. We can easily
solve this hyperboloid condition with exactly the same closed slicing parameterization as

before: -
t = asinh <—) ,
«
p (2.17)
r = a cosh <—) ,
«

with the coordinates on S4~! unconstrained. The induced metric in this closed slicing is
then simply
ds® = —dr* + a® cos? (Z) o3, . (2.18)
@
This is the closed slicing metric on dSg, for any integer value of d.

We can also construct the static patch on dS; with just a little bit of extra work. First,
in normal Cartesian coordinates, we can write the (d + 1)-dimensional Minkowski metric
as

ds? = —dt® + da? + daj + ...+ dz3 . (2.19)

The hyperboloid submanifold of size « is then given by
d
— 24 dr} =a” . (2.20)
i=1

To parameterize this hyperboloid, we will introduce a set of coordinates (u, p, z;), with
2 <1 < d, such that
t =+ a? — p?sinh (ﬂ) ,
o
1 = v/ a? — p? cosh (E) , (2.21)
o
x;=pz (2<i<d),

subject to the condition that

zi=1. (2.22)

d
=2

Through a straightforward computation, you should be able to verify that this satisfies
the hyperboloid condition. Moreover, since the z; sum in quadrature to one, they should
be thought of as Cartesian coordinates on S?2, i.e. a (d — 2)-sphere with unit radius,
and thus we can choose them such that

d
> da =d0d . (2.23)
=2
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If we put this all together, you can show (by a trivial extension of our computation in
problem 5) that the induced metric for this d-dimensional static patch is

—1
ds®> = 1 v du? 1 i dp® + p*dO> 2.24
s = - _ag (e _CE2 p+p d—2 - ( )

Just as in the d = 3 case, there appears to be a singularity at p = « in the static patch
on dSg. And, just like in the d = 3 case, the resolution of this issue is to consider this
surface in the closed slicing, wherein the surface becomes smooth and singularity-free.
Thus, there is yet again a cosmological horizon on this static patch.
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